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Riemann zeta function

Riemann zeta function?:

¢(s) = —, for Re(s)>1.

!Bernhard Riemann, Ueber die Anzahl der Primzahlen unter einer
gegebenen Grésse, Monatsberichte der Berliner-Akademie, Nov.= 1859:
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Riemann zeta function?:
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((s) =

n=1

for Re(s) > 1.

Riemann showed that ((s) can be analytically continued to the
whole complex plane except at s = 1 and satisfies the following
beautiful functional equation:

i (3) o = a7 (157 ) <

Bernhard Riemann (1826-1866)

!Bernhard Riemann, Ueber die Anzahl der Primzahlen unter einer
gegebenen Grésse, Monatsberichte der Berliner-Akademie, Nov.= 1859:
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Riemann hypothesis and Hardy’s result

B Riemann conjectured that all the non-trivial zeros of ((s) lie
on Re(s) = 1/2 line.

imaginary axis
critical strip 0<Re(S)<1

WA

critical line~__|

real axis
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trivial zeros (-2, -4, -6, ...)

2G.H. Hardy, Sur les zeros de la fonction ¢(s) de Riemann, C. R. Acad.
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Riemann hypothesis and Hardy’s result

B Riemann conjectured that all the non-trivial zeros of ((s) lie
on Re(s) = 1/2 line.

imaginary axis
critical strip 0<Re(S)<1

WA

critical lite~_|

real axis

-4 -3 -2 -1 0| V2 |1
trivial zeros (-2, -4, -6, ...)

B Hardy? proved that infinitely many non-trivial zeros of the
Riemann zeta function lie on the critical line.

2G.H. Hardy, Sur les zeros de la fonction ¢(s) de Riemann, C. R. Acad.
Sci. Paris 158 (1914), 1012-1014.
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Dedekind zeta function

¢ Let F be any number field with the degree of extension
[F: Q] =d. Let Op be its ring of integers and 9 be the norm
map of F over Q. Define ap(n) := # ideals in Op with norm n.
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Dedekind zeta function

¢ Let F be any number field with the degree of extension

[F: Q] =d. Let Op be its ring of integers and 9 be the norm
map of F over Q. Define ap(n) := # ideals in Op with norm n.
Then the Dedekind zeta function associated to the number
field F is defined by the following Dirichlet series:

o0

56 = 3 e = 2

=1

for all s € C with Re(s) > 1, where a runs over the non-zero
ideals of Op.
¢ When F = Q then (r(s) = ((s)
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Functional equation for Dedekind zeta function

If r1, 7o denote the number of real and complex embeddings
(upto conjugate) of F then r1 + 2ry = d. Let D be the absolute
value of the discriminant of .
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Functional equation for Dedekind zeta function

If r1, 7o denote the number of real and complex embeddings
(upto conjugate) of F then r1 + 2ry = d. Let D be the absolute
value of the discriminant of .

Theorem (Dedekind)

The Dedekind zeta function has an analytic continuation in the
whole complex plane except for a simple pole at s = 1. It also
satisfies the following functional equation relating its values at s
and 1 — s:

Q]F(S) = QF(l — S),

N|w

where Qg (s) = (727)

Ar2 d

L7 (2) T72(s)Cr(s).
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It is known that {p(s) has a simple pole at s = 1 with the
residue given by the class number formula:

lL)II%(s — 1)¢r(s) = 27‘1\(/2%)7.2 Rphy

= Hp,
WF
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Residue at s =1

It is known that (p(s) has a simple pole at s = 1 with the
residue given by the class number formula:

i 2" (2m)" Rphp

| -1 = ——" = H

81_{%(3 )Cr(s) VD w Fs
where wyp is the number of roots of unity contained in Op, hp
denotes the class number, and Ry is the regulator of F.
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where wyp is the number of roots of unity contained in Op, hp
denotes the class number, and Ry is the regulator of F.
Further, we know that the order of zero of (r(s) at s =0 is
given by r = r1 + r2 — 1, which is also the rank of the unit
group of . The leading term in the Laurent series expansion of
Cr(s) at s = 0 is given by

h
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It is known that (p(s) has a simple pole at s = 1 with the
residue given by the class number formula:

) 2" (2m)" Rphp

1 -1 = —— = H,

lim (s — 1)¢r(s) VD w Fs
where wyp is the number of roots of unity contained in Op, hp
denotes the class number, and Ry is the regulator of F.
Further, we know that the order of zero of (r(s) at s =0 is
given by r = r1 + r2 — 1, which is also the rank of the unit
group of . The leading term in the Laurent series expansion of
Cr(s) at s = 0 is given by

h
lim ) _ _Behe o (1)

s—0 s” W

Note that Cr is negative for any number field.
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Voronoi-Steen function

The Voronoi-Steen function V'(z;ay,as,...,a,) is defined by, for
| Arg(z)| < &

Viz;ar,az,...,ay) : 27”/ HFs—i—a] ~3ds,
@) ;=

where (C) in the integral denotes the vertical line from C — ico
to C' 4 ico such that all the poles of I'(s+ a;) lie on one side of
the vertical line.

v
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Special cases of the above function are associated to many other
special functions like:

e V(z;0) =e % Re(z) >0,
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Voronoi-Steen function

The Voronoi-Steen function V'(z;ay,as,...,a,) is defined by, for
| Arg(2)] < %

Viz;ar,az,...,ay) : 27”/ HFs—i—a] ~3ds,
(@) ;=

where (C) in the integral denotes the vertical line from C — ico
to C' 4 ico such that all the poles of I'(s+ a;) lie on one side of
the vertical line.

v

Special cases of the above function are associated to many other
special functions like:

o V(z;0) =e"* Re(z) >0
o V(za,b) = 22'%(“+b)Ka,b(22%), | Arg(z)| <,
where K, is the modified Bessel function of second kind.

Bibekananda Maji



o 9/36

o)
i
it
it




Let ¢ = Re(s) > 0. Then Z,, ,,(z) is defined as
~ 1
Zry iy (2) ¢

= r
271 (c)

wd

1
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Another important function studied by Koshliakov

Let ¢ = Re(s) > 0. Then Z,, ,,(z) is defined as

- 1 _ .
Zpy o (x) 1= — rm (%) I"2(s)z~°ds, where |Arg(z)| < iy

xTr) = "
211 (e)

Using the duplication formula for I'(s), one can check that

~ 2 22 |- 1 e
ZT‘I,TQ('I) = —7-V (47‘2 07"1+T2; <2> ) s for |Arg(z)| < Z
T2

o2 F
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Another important function studied by Koshliakov

Let ¢ = Re(s) > 0. Then Z,, ,,(z) is defined as

~ 1 . . ,
Zpy o (x) 1= — rm (%) I"2(s)z~°ds, where |Arg(z)| < iy

v = 211 (e)

Using the duplication formula for I'(s), one can check that

~ 2 22 |- 1 e
Zrl,TZ(.’,E) = —7-V (47‘2 07"1+T2; <2) ) s for |Arg(z)| < Z
T2

o2 F
where a,, is the m-tuple whose all entries equal a.
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Recall that ((s) satisfies the following functional equation:
()

5)Cls)=m" :T

. (153)4(1_8).
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Equivalence for functional equation of ((s)

Recall that ((s) satisfies the following functional equation:
_s S _1-s 1—s
7T2F<§)C(S):7T 2F( 5 )C(l—s).

Riemann proved the functional equation using the following
Jacobi theta relation:

Jacobi theta relation
For Re(x) > 0, we have

241 (i) = VaWi(z),

where Wi (x) is Jacobi theta function, defined as

o0
Wi(z) =1+2 e™,
n=1

= . = T
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~ Equivalence of Functional Equation for ¢ 2(s)

In 1936, Ferrar® gave a proof of the Ramanujan-Koshliakov
formula using the functional equation for ¢?(s).

3W. L. Ferrar, Some Solutions of The Equation F(t) = F(t™%), J.
London Math. Soc., 1(2), 99-103, 1936.
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W, (;) = aWa(a).
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~ Equivalence of Functional Equation for ¢ 2(s)

In 1936, Ferrar® gave a proof of the Ramanujan-Koshliakov
formula using the functional equation for ¢?(s).

Ramanujan-Koshliakov Formula

For Re(z) > 0,
W, (;) = aWa(a).

Here, Wa(x) is given by .
Wa() = 7 — log(4n) + log(v/z) +43_ d(n)Ko(2nmy/7),

n=1

where v is the Euler-Mascheroni constant.

But one can prove the converse as well.

3W. L. Ferrar, Some Solutions of The Equation F(t) = F(t™%), J.
London Math. Soc., 1(2), 99-103, 1936.
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~ Equivalence for functional equation for ¢ k(s)

Question
What about ¢¥(s)?

Ferrar* has given the proof of such a theta relation using the
functional equation for ¢*(s). But he did not prove the converse
part i.e. the theta relation leads to the functional equation of

¢*(s)-

Question

Can we find a similar equivalence theta relation for the
functional equation of the Dedekind zeta function (r(s)?
What about higher powers of ((s)?

*W. L. Ferrar, Some Solutions of The Equation F(t) = F(t™%), J.
London Math. Soc., 1(2), 99-103, 1936.
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~ Equivalence for functional equation of CE(s)

Theorem (Bansal, M.)

Let k be a positive integer and F be any number field of degree
d. Then the functional equation for ¢¥(s) given by

Q(s) = QF(1L - 9),
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~ Equivalence for functional equation of CE(s)

Theorem (Bansal, M.)

Let k be a positive integer and F be any number field of degree
d. Then the functional equation for ¢¥(s) given by

QF(s) = QF(1 - 3),
is equivalent to the theta relation

1 d
Wr (;) = VaWri(z), for |Arg(z)| < %,
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Equivalence for functional equation of (f(s)

Theorem (Bansal, M.)

Let k be a positive integer and F be any number field of degree
d. Then the functional equation for ¢¥(s) given by

QF(s) = QF(1 - 3),
is equivalent to the theta relation

WM( >:fWJFk( ), for |Arg(@)] < ¥,

a(s) = (4@@1) i (5) T (s)us),

okra kd/2
Wik ( Z ar k(1) Ziry kor (%) — Ro(z), and
k—1

1 . d knk —s/2
o= gy 8 (k).
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| Corollaries

Let F be a number field with degree d. Then the functional
equation for Cp(s) given by
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Corollaries

Let F be a number field with degree d. Then the functional
equation for Cp(s) given by

Q]F(S) = QF(l — 8),

is equivalent to the following theta relation

WF1< > VaWg1(z), for |Arg(m)|<%l,

where Wy 1(x) is given by

~ o270/ 2, [
W]Fl Zaxp Lo (H) — 2" (O,

Bibekananda Maji



DA

16/36

‘ b}
]
it
it




Number field analogue of Jacobi theta function is the following:
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Number field analogue of Jacobi theta function

Number field analogue of Jacobi theta function is the following:

> - 2r2 /2, [
W 1 () — A U NN
() ;aﬂ?(n) . ( 75 ) o

When F = Q, it reduces to the Jacobi theta function,

Woa(z)=1+2 Z e Re(z) > 0.

n=1
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~ Number field analogue of Jacobi theta function

Number field analogue of Jacobi theta function is the following:

- 222 /2 ,
W ( ZaJF Zryry (\/5 — 2" CF.

When F = Q, it reduces to the Jacobi theta function,

Woa(z)=1+2 Z e Re(z) >0

n=1

Moreover, we have seen that

%() VaWia(a), for | Arg(x)| <

| 3 w‘i

Wou () = vaWaa(o). for | Arga)] <
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| An interesting implication

For any number field F of degree d > 3, letting x = —1, we get
W 1(—1) = 0. This gives the following exact evaluation:
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| An interesting implication

For any number field F of degree d > 3, letting x = —1, we get
W 1(—1) = 0. This gives the following exact evaluation:

o dj2,

= 22 0% 4y
E aF(n)Zy, ry (—> = 2" Cf.
n=1 v D
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The functional equation for ((s)* given by

k
ﬂ—ksr (g)k C(s)k _ ﬂ_—k:(l—s)r (1;‘9) C(l _ S)k,

1 equivalent to the theta relation
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The functional equation for ((s)* given by

k
ﬂ—ksr (g)k C(s)k _ ﬂ_—k:(l—s)r (1;‘9) C(l _ S)k,

1 equivalent to the theta relation

Waok <i) =VzWox(z), for |Arg(z)| < g,
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The functional equation for ((s)* given by
ks (8Y* ~( 1k K 1—s)\" k
75T (2) ¢(s)k = a k0T (2) ¢(1 - s),
1 equivalent to the theta relation

Wos (1) = VEWas(a), for |Arga)| < ]

2 )
where Wo () is given by

Waox(z) = Qde ( kn2$|6k) — Ro(),

and
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The functional equation for ((s)* given by
ks (8Y* ~( 1k K 1—s)\" k
75T (2) ¢(s)k = a k0T (2) ¢(1 - s),
1 equivalent to the theta relation

Wos (1) = VEWas(a), for |Arga)| < ]

2 )
where Wo () is given by

Waox(z) = Qde ( kn2$|6k) — Ro(),

and

Ro(z) = (k:_ll). tiy ;:;11 ( krk( )Ck( )( >_

[Nl

)
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Putting £ = 1 and k£ = 2 in the last corollary gives the
equivalences for functional equation of ((s) and ¢(?(s) with
Jacobi theta relation and Ramanujan-Koshliakov formula
respectively.
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Let p(n) be the Mobius function. We have

1 s pun
GRS

3), Re(s) > 1
n
n=1
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Equivalence for functional equation of ¢ ~1(s)

Let p(n) be the Mobius function. We have

Hardy-Littlewood-Ramanujan identity

For any > 0, we have
() ()

n=1
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Equivalence for functional equation of ¢ ~1(s)

Let p(n) be the Mobius function. We have

LR o V7I(0
C(S)_nzl o Re(s) > 1.

Hardy-Littlewood-Ramanujan identity

For any > 0, we have
St (x)
~r e () -2 (B)

where the sum over p runs through the non-trivial zeros of ((s).
v
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Number field analogue of Hardy-Littlewood-Ramanujan
identity

|

Identity of Dixit, Gupta and Vatwani
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Number field analogue of Hardy-Littlewood-Ramanujan
identity

|

Identity of Dixit, Gupta and Vatwani

Let «, 8 € C be such that af = 4%“‘1, then we have

1 1 1] 1 1
—ERO(O‘)—ﬁRO(ﬁ)+§ ﬁ;Rp(a)—ﬁzp:Rp(ﬂ) ;
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Number field analogue of Hardy-Littlewood-Ramanujan
identity

Identity of Dixit, Gupta and Vatwani

Let «, 8 € C be such that af = 4T2D7rd, then we have

x/ai “F#(")Zrm (%)-vB () o <§>

n n
n=1

1 1
= ERO () — ﬁRO (B) +

)

=Y R0~ = 3R, (9)

N =

where the terms Ro(«) and R,(«) are given by

o dt (T ()T (1)
Bole) = oy I g (s ¢ G (s) ) ’
_ A )
By (@)= o G (o)
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Equivalence between theta-type identities and
functional equations of ¢*(s) and (k(s), k € Z*.

Theta-type relations

Functional equation

Theta-type relations

Jacobi theta relation

((s) = ¢7'(s)

Hardy, Littlewood and Ra-

manujan identity

Ramanujan-Koshliakov
identity

((s) = ¢2(s)

The case when & = 2 and

F=Q

Ferrar’s identity

¢(s) = ((s)

A generalization of Hardy,
Littlewood and Ramanujan
(when F = Q)

Number field analogue of
Jacobi theta relation

Cr(s) <= G '(s)

An identity of Dixit, Gupta
and Vatwani

Number field analogue of
Ferrar’s identity

CK(s) = G(s)

A generalization of Dixit,
Gupta and Vatwani
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- Non-trivial zeros on Re(s) = 1/2

e In 1914, using the Jacobi theta relation, Hardy proved that
there are infinitely many non-trivial zeros of the Riemann zeta
function on the critical line.
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e In 1914, using the Jacobi theta relation, Hardy proved that
there are infinitely many non-trivial zeros of the Riemann zeta
function on the critical line.

e In 1968, Chandrasekharan and Narasimhan proved this result
for the Dedekind zeta function associated to quadratic number

fields.
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~ Non-trivial zeros on Re(s) = 1/2

e In 1914, using the Jacobi theta relation, Hardy proved that
there are infinitely many non-trivial zeros of the Riemann zeta
function on the critical line.

e In 1968, Chandrasekharan and Narasimhan proved this result
for the Dedekind zeta function associated to quadratic number
fields.

e In 1970, Berndt proved that, if r; < 3 where d = r1 + 2r9,
then the Dededkind zeta function has infinitely many
non-trivial zeros on the critical line.
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Analogue of Hardy’s Result

l

Theorem (Bansal, M.)

For any number field F, the Dedekind zeta function (r(s) has
infinitely many non-trivial zeros on the critical line Re(s) = %
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Analogue of Hardy’s Result

\

Theorem (Bansal, M.)

For any number field F, the Dedekind zeta function (r(s) has
infinitely many non-trivial zeros on the critical line Re(s) = %

Outline of proof:

We first define the following entire function:

0= e (525) 1 ()
= 2s(s — 1)0(s) = (1 — 5). (2)

Putting s = % + 4t in the above equation and denoting it as
Er(t), we get
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Proof contd...

l

()

The function Zg(t) is even and real for all real values of t.
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Proof contd...

1 it
| A
(i+3)

The function Zg(t) is even and real for all real values of t.

Then we define a function f(t) := |¢(it)|* = ¢(it)p(—it), t € R,

where ¢(s) is an analytic function with ¢(s) = ¢(5).
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Proof contd...

l

o (Lea) —z e (L P (D2 LA, Lt
8 W) TR ATS T 2 ) \drend 4779
1 1

The function Zg(t) is even and real for all real values of t.

Then we define a function f(t) := |¢(it)|? = ¢(it)p(—it), t € R,
where ¢(s) is an analytic function with ¢(s) = ¢(5). Now, we

examine the following integral, for z € C,

B(z) = /0 P38 (1) cos(zt)dt.
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We write cos(zt) = W and substitute e* = y to see
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We write cos(zt) = w and substitute e = y to see
1
P(z) ==
()=

/0 T =) (o gt

~5 ] rz

; 1
Ep(t)y"dt + =

FANICSIOE
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| Proof continued...

We write cos(zt) = % and substitute e* = y to see

/ FOER®) (" +y~™")dt

- /0 ()= (gt + - / F(O)Zx(t)y " dt.

Now we change the variable £ by —t in the second integral and
use the fact that f(¢) and Zp(¢) are real and even functions of ¢.
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Proof continued...

We write cos(zt) = % and substitute e* = y to see

/ FOER®) (" +y~™")dt

- /0 ()= (gt + - / F(O)Zx(t)y " dt.

Now we change the variable £ by —t in the second integral and
use the fact that f(¢) and Zp(¢) are real and even functions of ¢.
Then, we have

= 1/00 fOZr(t)y™dt + / f()Er(t)y"dt
/ f ltdt
=3 / . P (it)p(—it)&r (; + it> ytdt.
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Letting % +it = s and ¢(s) = if in the above integral and
2
using (2), one can see that
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\

Proof continued ...

Letting % +it = s and ¢(s) = sil in the above integral and
2

using (2), one can see that

3+ s(s—1)
Q S
2z\f/ s(l—s) 2 v(s)y"ds

2+zoo

zm 2\f/_m
= 2f (WF1< >+0F2“<1+y)>

)y®ds
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| Proof continued ...

Letting 3 + it = s and ¢(s) =

using (2), one can see that

300 s(s—1)
Q S
Qz\f/ s(l—s) 2 v(s)y"ds
2+zoo

7T
e x Qp(s)y°d
2m’ 8 2\/5/; o ey

-3 <WF,1 (;) + 2 (14 y))
Since = % and f(t) = o(it)o(—it) =

tzil , SO we have
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An important lemma

Now we mention the following exact evaluation of an integral,
where the integrand is related to the functional equation of the
Riemann zeta function, namely,

— 75T (g) ((s)y*ds = W (;) - (1+y),

27 1—ioo

where Wi (x) is the Jacobi theta function.
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\

An important lemma

Now we mention the following exact evaluation of an integral,
where the integrand is related to the functional equation of the
Riemann zeta function, namely,
Lo ir(‘*) ()rds = (=) = (1+)

— m 2l (=) ((s s = — | - ,

21 s i > C(s)y 12 Yy
where Wi (x) is the Jacobi theta function. We generalize the
above integral evaluation for (p(s).

Lemma (Bansal, M.)

Let Qp(s) be one side of the functional equation of (r(s) and
Wri(x) be the number field analogue of Jacobi theta function.
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~ An important lemma

Now we mention the following exact evaluation of an integral,
where the integrand is related to the functional equation of the
Riemann zeta function, namely,

1 %-i—ioo

27 1—ioo

PN (g) C(s)y’ds =Wy <y12> —(1+4vy),

where Wi (x) is the Jacobi theta function. We generalize the
above integral evaluation for (p(s).

Lemma (Bansal, M.)

Let Qp(s) be one side of the functional equation of (r(s) and
Wri(x) be the number field analogue of Jacobi theta function.
Then we have

1 [atiee . 1 i
— Qr(s)y®ds = Wr <y2> +Cr2"(1+y). (6)

27 1 ico

v
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| Proof continued...

Letting z = —ia and using the fact that cos(—it) = cosh(t), we
get
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Proof continued...
Letting z = —i« and using the fact that cos(—it) = cosh(t), we

get

=2 |cr2m (7 + €% ) + e F Wiy (2]

+e% Wm(e%")l

* Zp(t
/ il )1 cosh(at)dt =
o t2+ 1
€5 fe 5
20F2™ (2
Te's 3
_ 27"1 (7) _ W 2t )
7TCp2™ cos > > F1(e”Y)
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Proof continued...
Letting z = —i« and using the fact that cos(—it) = cosh(t), we

get

=2 |cr2m (7 + €% ) + e F Wiy (2]

+eT Wi (e%a)l

* Zp(t
/ il )1 cosh(at)dt =
o t2+ 1
€5 fe 5
20r2™ (2
= —7CF2" cos (%) = 7T822 W]F71(ezm).

We differentiate the above equation 2n-times with respect to «

to obtain
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Proof continued...
Letting z = —i« and using the fact that cos(—it) = cosh(t), we

get

=2 |cr2m (7 + €% ) + e F Wiy (2]

+eT Wi (e%a)l

* Zp(t
/ il )1 cosh(at)dt =
o t2+ 1
€5 fe 5
20r2™ (2
= —7CF2" cos (%) = 7T822 W]F71(ezm).

We differentiate the above equation 2n-times with respect to «

to obtain
- ’ Cp2™ a
/ L)thn cosh(at)dt ( 1)n+1 TUR 2CnOS ( > )
o (#+3) 5
T d2n i ‘
" 9 da?n (eTWJm(ezw‘)) ,
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l

Bound for Zp(t)

Note that the above identity is valid for || < Z¢ since the factor
W 1(z) converges for | Arg(x)| < %d. One can easily prove that

wd|t|

Zr(t) =0 (W‘Di“e* g )

for some positive A, by using the bounds

(2 +it)=0(t §+eDi+) and |D(2 +it)| = O(e~3 ) as
2 2

[t| — oo.
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\

Bound for Zp(t)

Note that the above identity is valid for || < Z¢ since the factor
W 1(z) converges for | Arg(x)| < %d. One can easily prove that

wd|t|

EF(t):o(\t\ADi“e* 1 )

for some positive A, by using the bounds

e (L +it) = O(|t)iT<D3i+) and [T(L +it)| = O(e~ 1) as
[t| — oo. Also, it is well known that the function cosh(at) is
bounded above by el
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\

Bound for Zp(t)

Note that the above identity is valid for || < Z¢ since the factor
W 1(z) converges for | Arg(x)| < %d. One can easily prove that

wd|t|

EF(t):o(\t\ADi“e* 1 )

for some positive A, by using the bounds

e (L +it) = O(|t)iT<D3i+) and [T(L +it)| = O(e~ 1) as

[t| — oo. Also, it is well known that the function cosh(at) is
bounded above by el®ll. Using the above bounds for Zp(t) and
cosh(at), one can see that the improper integral is absolutely
convergent for |a| < .
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Bound for Zp(t)

Note that the above identity is valid for || < Z¢ since the factor
W 1(z) converges for | Arg(x)| < %d. One can easily prove that

Zx(t) = O (|t Di*ee=4")

for some positive A by using the bounds

Ce (5 +it) = O(#$+<D¥+) and |P(4 + it)] = O(e~51) as

[t| — oo. Also, it is well known that the function cosh(at) is
bounded above by el®ll. Using the above bounds for Zp(t) and
cosh(at), one can see that the improper integral is absolutely
convergent for |a| < T¢. Thus, the previous equation can be
differentiated with respect to a any number of times.
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From Corollary (1), we have

. . , d
We,1 (7)) = e"*Wr1(e*), for |af < %
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Proof continued...

From Corollary (1), we have

_ . . d
Wi (e729) = "W (e*'®), for |a| < %

For d > 3, Wg 1(e?®) and all its derivatives tend to zero as
a — % along any path. Therefore, we finally have

oo E 27“1 < (T
/ ]F(t)l 21 cosh < > dt = (—1)™1 Cr2m 7 cos (3) v,
o (*+3) 2

2) 4 22n
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Proof continued...

From Corollary (1), we have

_ . . d
Wi (e729) = "W (e*'®), for |a| < %

For d > 3, Wg 1(e?®) and all its derivatives tend to zero as
a — % along any path. Therefore, we finally have

= _E Cp2717 cos (T
ﬂt% cosh lt dt = (_1)"“%’ Wi
0 ( % 2

22n

Now let us suppose that Zp(t) eventually takes one sign, say,
positive for ¢ > T'. The number Cf is negative for any number
field IF, so for n odd, it follows that
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Proof continued...

From Corollary (1), we have

_ . . d
Wi (e729) = "W (e*'®), for |a| < %

For d > 3, Wg 1(e?®) and all its derivatives tend to zero as
a — % along any path. Therefore, we finally have

= _E Cp2717 cos (T
ﬂt% cosh lt dt = (_1)"“%’ Wi
0 ( % 2

22n

Now let us suppose that Zp(t) eventually takes one sign, say,
positive for ¢ > T'. The number Cf is negative for any number
field IF, so for n odd, it follows that

> EF(t) 2n ( ) /T E]F(t) ( )
——=—1t“" cosh dt < — ———=—1t“" cosh dt
Jo @D 2 o @l
T
< E/ t2ndt < 0T
0
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Proof Continued...

|
We also have

Tt S / =r(t )1 2" cosh (lt> dt
T (t2 + —) 2

TO+1) =
> / ; r(t )1 2" cosh <7T—t) dt
5T (2 +3) 2

T(64+1)
>c / 2ndt
6T

> 652nT2n+1 .
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Proof Continued...

We also have

Er(
t2
T(6+1)

>
g
T(5+1)
> e /
T

> 052nT2n+1 .

£T2n+1>/°°

T ( =
F(t) t2n

(2 +

t)
1
4

Thus, £ > 6?"¢c, which fails to hold for sufficiently large n, as

o> 1.

) 2" cosh (7;) dt

t
h(—
cos ( 5 > dt

1
71

)

2ndt
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Proof Continued...

We also have

© =
AT / L(t)lt% cosh <7rt) dt
T (t2 + Z) 2

T(5+1)
> / Lt)ltgn cosh (ﬂt) dt
5T 2+ 1) 2

4

T(64+1)
>c / 2ndt
6T

> 052nT2n+1 .

Thus, £ > 6?"¢c, which fails to hold for sufficiently large n, as

0 > 1. Hence our assumption is wrong. Therefore, Zp(¢) must
change sign infinitely often, which implies that it has infinitely
many real zeros and so has (r(s) on the critical line.
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| Future directions

We speculate that every nice L—function will have an analogous
theta type relation that might be useful to prove the existence
of infinitely many non-trivial zeros on the critical line.
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| Future directions

Problem 1

We speculate that every nice L—function will have an analogous
theta type relation that might be useful to prove the existence
of infinitely many non-trivial zeros on the critical line. Since the
Dedekind zeta function serves as a key example, this approach
could be useful for a broader class of L-functions, for example,
Selberg class of higher degree.
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| Future directions

Problem 1

We speculate that every nice L—function will have an analogous
theta type relation that might be useful to prove the existence
of infinitely many non-trivial zeros on the critical line. Since the
Dedekind zeta function serves as a key example, this approach
could be useful for a broader class of L-functions, for example,
Selberg class of higher degree.
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Let

NT)=#{p=B+iv: C(p)=0,0<B<1,0<y<T}h
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Problem 2: Distribution of zeros on Re(s) = 1/2

\

Let

N(T)=4#{p=B+iv: ((p)=0,0<B <1, 0<y<T}
The classical Riemann—von Mangoldt formula asserts

T T T
log — — — + O(logT).

N(T
() o 2r 2w
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Problem 2: Distribution of zeros on Re(s) = 1/2

\

Let

N(T)=4#{p=B+iv: ((p)=0,0<B <1, 0<y<T}
The classical Riemann—von Mangoldt formula asserts

T T T
log — — — + O(logT).

N(T
() o 2r 2w

Selberg proved that there exists ¢ > 0 such that

No(T):=#{p:Rep=3, 0<Imp<T} > cN(T).
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Problem 2: Distribution of zeros on Re(s) = 1/2

\

Let

N(T)=4#{p=B+iv: ((p)=0,0<B <1, 0<y<T}
The classical Riemann—von Mangoldt formula asserts

T T T
log — — — + O(logT).

N(T
() o 2r 2w

Selberg proved that there exists ¢ > 0 such that
No(T):=#{p:Rep=3, 0<Imp<T} > cN(T).
He also obtained a zero-density estimate, for % <o <1,

- ij%) logT.

Bl

N, T)=#{p=p+iyv: >0, 0<~y<T} < T
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Thank you for your attention!
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