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Riemann zeta function

Riemann zeta function1:

ζ(s) :=

∞∑
n=1

1

ns
, for Re(s) > 1.

Riemann showed that ζ(s) can be analytically continued to the
whole complex plane except at s = 1 and satisfies the following
beautiful functional equation:

π−
s
2 Γ
(s

2

)
ζ(s) = π−

1−s
2 Γ

(
1− s

2

)
ζ(1− s)

Bernhard Riemann (1826-1866)

1Bernhard Riemann, Ueber die Anzahl der Primzahlen unter einer
gegebenen Grösse, Monatsberichte der Berliner Akademie, Nov. 1859.
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Riemann hypothesis and Hardy’s result

� Riemann conjectured that all the non-trivial zeros of ζ(s) lie
on Re(s) = 1/2 line.

� Hardy2 proved that infinitely many non-trivial zeros of the
Riemann zeta function lie on the critical line.

2G.H. Hardy, Sur les zeros de la fonction ζ(s) de Riemann, C. R. Acad.
Sci. Paris 158 (1914), 1012–1014.
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Dedekind zeta function

� Let F be any number field with the degree of extension
[F : Q] = d. Let OF be its ring of integers and N be the norm
map of F over Q. Define aF(n) := # ideals in OF with norm n.
Then the Dedekind zeta function associated to the number
field F is defined by the following Dirichlet series:

ζF(s) =
∑
a⊂OF

1

N(a)s
=
∞∑
n=1

aF(n)

ns

for all s ∈ C with Re (s) > 1, where a runs over the non-zero
ideals of OF.
� When F = Q then ζF(s) = ζ(s)
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Functional equation for Dedekind zeta function

If r1, r2 denote the number of real and complex embeddings
(upto conjugate) of F then r1 + 2r2 = d. Let D be the absolute
value of the discriminant of F.

Theorem (Dedekind)

The Dedekind zeta function has an analytic continuation in the
whole complex plane except for a simple pole at s = 1. It also
satisfies the following functional equation relating its values at s
and 1− s:

ΩF(s) = ΩF(1− s),

where ΩF(s) =
(

D
4r2πd

) s
2 Γr1

(
s
2

)
Γr2(s)ζF(s).
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Residue at s = 1

It is known that ζF(s) has a simple pole at s = 1 with the
residue given by the class number formula:

lim
s→1

(s− 1)ζF(s) =
2r1(2π)r2√

D

RFhF
wF

:= HF,

where wF is the number of roots of unity contained in OF, hF
denotes the class number, and RF is the regulator of F.
Further, we know that the order of zero of ζF(s) at s = 0 is
given by r = r1 + r2 − 1, which is also the rank of the unit
group of F. The leading term in the Laurent series expansion of
ζF(s) at s = 0 is given by

lim
s→0

ζF(s)

sr
= −RFhF

wF
:= CF. (1)

Note that CF is negative for any number field.
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Voronoi-Steen function

Definition

The Voronoi-Steen function V (z; a1, a2, . . . , an) is defined by, for
|Arg(z)| < πn

2 ,

V (z; a1, a2, . . . , an) :=
1

2πi

∫
(C)

n∏
j=1

Γ(s+ aj)z
−sds,

where (C) in the integral denotes the vertical line from C − i∞
to C + i∞ such that all the poles of Γ(s+ aj) lie on one side of
the vertical line.

Special cases of the above function are associated to many other
special functions like:

V (z; 0) = e−z,Re(z) > 0,

V (z; a, b) = 2z
1
2
(a+b)Ka−b(2z

1
2 ), |Arg(z)| < π,

where Kν is the modified Bessel function of second kind.
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Another important function studied by Koshliakov

Let c = Re(s) > 0. Then Z̃r1,r2(x) is defined as

Z̃r1,r2(x) :=
1

2πi

∫
(c)

Γr1
(s

2

)
Γr2(s)x−sds, where |Arg(x)| < πd

4
.

Using the duplication formula for Γ(s), one can check that

Z̃r1,r2(x) =
2

2r2π
r2
2

V

(
x2

4r2

∣∣∣∣0̄r1+r2 , ¯(1

2

)
r2

)
, for |Arg(x)| < πd

4
.

where ām is the m-tuple whose all entries equal a.
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Equivalence for functional equation of ζ(s)

Recall that ζ(s) satisfies the following functional equation:

π−
s
2 Γ
(s

2

)
ζ(s) = π−

1−s
2 Γ

(
1− s

2

)
ζ(1− s).

Riemann proved the functional equation using the following
Jacobi theta relation:

Jacobi theta relation

For Re(x) > 0, we have

W1

(
1

x

)
=
√
xW1(x),

where W1(x) is Jacobi theta function, defined as

W1(x) = 1 + 2
∞∑
n=1

e−πn
2x.
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Equivalence of Functional Equation for ζ2(s)

In 1936, Ferrar3 gave a proof of the Ramanujan-Koshliakov
formula using the functional equation for ζ2(s).

Ramanujan-Koshliakov Formula

For Re(x) > 0,

W2

(
1

x

)
=
√
xW2(x).

Here, W2(x) is given by

W2(x) = γ − log(4π) + log(
√
x) + 4

∞∑
n=1

d(n)K0(2nπ
√
x),

where γ is the Euler-Mascheroni constant.

But one can prove the converse as well.

3W. L. Ferrar, Some Solutions of The Equation F (t) = F (t−1), J.
London Math. Soc., 1(2), 99–103, 1936.
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Equivalence for functional equation for ζk(s)

Question

What about ζk(s)?

Ferrar4 has given the proof of such a theta relation using the
functional equation for ζk(s). But he did not prove the converse
part i.e. the theta relation leads to the functional equation of
ζk(s).

Question

Can we find a similar equivalence theta relation for the
functional equation of the Dedekind zeta function ζF(s)?
What about higher powers of ζF(s)?
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Some arithmetic functions

Dirichlet series

ζF(s) :=

∞∑
n=1

aF(n)

ns
, Re(s) > 1.

ζkF(s) :=
∞∑
n=1

aF,k(n)

ns
, Re(s) > 1.

ζk(s) :=

∞∑
n=1

dk(n)

ns
, Re(s) > 1.

ζ2(s) :=
∞∑
n=1

d(n)

ns
, Re(s) > 1.
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Equivalence for functional equation of ζkF(s)

Theorem (Bansal, M.)

Let k be a positive integer and F be any number field of degree
d. Then the functional equation for ζkF (s) given by

ΩkF(s) = ΩkF(1− s),

is equivalent to the theta relation

WF,k

(
1

x

)
=
√
xWF,k(x), for |Arg(x)| < πd

2
,

where

ΩF(s) =

(
D

4r2πd

) s
2

Γr1
( s

2

)
Γr2(s)ζF(s),

WF,k(x) : =

∞∑
n=1

aF,k(n)Z̃kr1,kr2

(
2kr2πkd/2n

√
x√

Dk

)
−R0(x), and

R0(x) =
1

(k − 1)!
lim
s→0

dk−1

dsk−1

(
skΩkF(s)x−s/2

)
.
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Corollaries

Corollary (1)

Let F be a number field with degree d. Then the functional
equation for ζF(s) given by

ΩF(s) = ΩF(1− s),

is equivalent to the following theta relation

WF,1

(
1

x

)
=
√
xWF,1(x), for |Arg(x)| < πd

2
,

where WF,1(x) is given by

WF,1(x) =
∞∑
n=1

aF(n)Z̃r1,r2

(
2r2πd/2n

√
x√

D

)
− 2r1CF,
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Number field analogue of Jacobi theta function

Number field analogue of Jacobi theta function is the following:

WF,1(x) =

∞∑
n=1

aF(n)Z̃r1,r2

(
2r2πd/2n

√
x√

D

)
− 2r1CF.

When F = Q, it reduces to the Jacobi theta function,

WQ,1(x) = 1 + 2
∞∑
n=1

e−πn
2x,Re(x) > 0.

Moreover, we have seen that

WF,1

(
1

x

)
=
√
xWF,1(x), for |Arg(x)| < πd

2
,

WQ,1

(
1

x

)
=
√
xWQ,1(x), for |Arg(x)| < π

2
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An interesting implication

Remark

For any number field F of degree d ≥ 3, letting x = −1, we get
WF,1(−1) = 0. This gives the following exact evaluation:

∞∑
n=1

aF(n)Z̃r1,r2

(
2r2πd/2ni√

D

)
= 2r1CF.
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Corollary (2)

The functional equation for ζ(s)k given by

π−ksΓ
(s

2

)k
ζ(s)k = π−k(1−s)Γ

(
1− s

2

)k
ζ(1− s)k,

is equivalent to the theta relation

WQ,k

(
1

x

)
=
√
xWQ,k(x), for |Arg(x)| < π

2
,

where WQ,k(x) is given by

WQ,k(x) := 2
∞∑
n=1

dk(n)V
(
πkn2x|0̄k

)
−R0(x),

and

R0(x) =
1

(k − 1)!
lim
s→0

dk−1

dsk−1

(
skΓk

(s
2

)
ζk(s)

(
πkx

)− s
2

)
.
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Remark

Putting k = 1 and k = 2 in the last corollary gives the
equivalences for functional equation of ζ(s) and ζ2(s) with
Jacobi theta relation and Ramanujan-Koshliakov formula
respectively.
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Equivalence for functional equation of ζ−1(s)

Let µ(n) be the Möbius function. We have

1

ζ(s)
=
∞∑
n=1

µ(n)

ns
, Re(s) > 1.

Hardy-Littlewood-Ramanujan identity

For any x > 0, we have

∞∑
n=1

µ(n)

n
exp

(
− x

n2

)
=

√
π

x

∞∑
n=1

µ(n)

n
exp

(
− π2

n2x

)
− 1

2
√
π

∑
ρ

(
π√
x

)ρ Γ
(
1−ρ
2

)
ζ ′(ρ)

,

where the sum over ρ runs through the non-trivial zeros of ζ(s).
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µ(n)

ns
, Re(s) > 1.

Hardy-Littlewood-Ramanujan identity

For any x > 0, we have

∞∑
n=1

µ(n)

n
exp

(
− x

n2

)
=

√
π

x

∞∑
n=1

µ(n)

n
exp

(
− π2

n2x

)
− 1

2
√
π

∑
ρ

(
π√
x

)ρ Γ
(
1−ρ
2

)
ζ ′(ρ)

,

where the sum over ρ runs through the non-trivial zeros of ζ(s).
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Number field analogue of Hardy-Littlewood-Ramanujan
identity

Identity of Dixit, Gupta and Vatwani

Let α, β ∈ C be such that αβ = 4r2πd

D , then we have

√
α
∞∑
n=1

µF,1(n)

n
Zr1,r2

(α
n

)
−
√
β
∞∑
n=1

µF,1(n)

n
Zr1,r2

(
β

n

)

=
1√
α
R0 (α)− 1√

β
R0 (β) +

1

2

[
1√
α

∑
ρ

Rρ (α)− 1√
β

∑
ρ

Rρ (β)

]
,

where the terms R0(α) and Rρ(α) are given by

R0(α) =
1

(r − 1)!
lim
s→0

dr−1

dsr−1

(
srαs

Γr1
(
1−s
2

)
Γr2 (1− s)

ζF(s)

)
,

Rρ (α) = αρ
Γr1

(
1−ρ
2

)
Γr2 (1− ρ)

ζ′F(ρ)
.
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Equivalence between theta-type identities and
functional equations of ζk(s) and ζkF(s), k ∈ Z∗.
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Non-trivial zeros on Re(s) = 1/2

• In 1914, using the Jacobi theta relation, Hardy proved that
there are infinitely many non-trivial zeros of the Riemann zeta
function on the critical line.
• In 1968, Chandrasekharan and Narasimhan proved this result
for the Dedekind zeta function associated to quadratic number
fields.
• In 1970, Berndt proved that, if r1 ≤ 3 where d = r1 + 2r2,
then the Dededkind zeta function has infinitely many
non-trivial zeros on the critical line.
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Analogue of Hardy’s Result

Theorem (Bansal, M.)

For any number field F, the Dedekind zeta function ζF(s) has
infinitely many non-trivial zeros on the critical line Re(s) = 1

2 .

Outline of proof:

We first define the following entire function:

ξF(s) :=
1

2
s(s− 1)

(
D

4r2πd

) s
2

Γr1
(s

2

)
Γr2(s)ζF(s)

=
1

2
s(s− 1)ΩF(s) = ξF(1− s). (2)

Putting s = 1
2 + it in the above equation and denoting it as

ΞF(t), we get
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Proof contd...

ξF

(
1

2
+ it

)
= ΞF(t) :=

(
−1

8
− t2

2

)(
D

4r2πd

) 1
4
+ it

2

Γr1
(

1

4
+
it

2

)
× Γr2

(
1

2
+ it

)
ζF

(
1

2
+ it

)
.

Lemma

The function ΞF(t) is even and real for all real values of t.

Then we define a function f(t) := |φ(it)|2 = φ(it)φ(−it), t ∈ R,
where φ(s) is an analytic function with φ(s) = φ(s̄). Now, we
examine the following integral, for z ∈ C,

Φ(z) =

∫ ∞
0

f(t)ΞF(t) cos(zt)dt.
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Proof continued...

We write cos(zt) = eizt+e−izt

2 and substitute ez = y to see

Φ(z) =
1

2

∫ ∞
0

f(t)ΞF(t)(yit + y−it)dt

=
1

2

∫ ∞
0

f(t)ΞF(t)yitdt+
1

2

∫ ∞
0

f(t)ΞF(t)y−itdt.

Now we change the variable t by −t in the second integral and
use the fact that f(t) and ΞF(t) are real and even functions of t.
Then, we have

Φ(z) =
1

2

∫ ∞
0

f(t)ΞF(t)yitdt+
1

2

∫ 0

−∞
f(t)ΞF(t)yitdt

=
1

2

∫ ∞
−∞

f(t)ΞF(t)yitdt

=
1

2

∫ ∞
−∞

φ(it)φ(−it)ξF
(

1

2
+ it

)
yitdt.
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Proof continued ...

Letting 1
2 + it = s and φ(s) = 1

s+ 1
2

in the above integral and

using (2), one can see that

Φ(z) =
1

2i
√
y

∫ 1
2
+i∞

1
2
−i∞

1

s(1− s)
s(s− 1)

2
ΩF(s)ysds

= − 1

2πi
× π

2
√
y

∫ 1
2
+i∞

1
2
−i∞

ΩF(s)ysds

= − π

2
√
y

(
WF,1

(
1

y2

)
+ CF2r1(1 + y)

)
. (3)

Since y = ez and f(t) = φ(it)φ(−it) = 1
t2+ 1

4

, so we have

Φ(z) =

∫ ∞
0

ΞF(t)

t2 + 1
4

cos(zt)dt (4)

= −π
2

[
e−

z
2WF,1(e

−2z) + CF2r1
(
e−

z
2 + e

z
2

)]
. (5)
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An important lemma

Now we mention the following exact evaluation of an integral,
where the integrand is related to the functional equation of the
Riemann zeta function, namely,

1

2πi

∫ 1
2
+i∞

1
2
−i∞

π−
s
2 Γ
(s

2

)
ζ(s)ysds = W1

(
1

y2

)
− (1 + y),

where W1(x) is the Jacobi theta function. We generalize the
above integral evaluation for ζF(s).

Lemma (Bansal, M.)

Let ΩF(s) be one side of the functional equation of ζF(s) and
WF,1(x) be the number field analogue of Jacobi theta function.
Then we have

1

2πi

∫ 1
2
+i∞

1
2
−i∞

ΩF(s)ysds = WF,1

(
1

y2

)
+ CF2r1(1 + y). (6)
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Proof continued...

Letting z = −iα and using the fact that cos(−it) = cosh(t), we
get

∫ ∞
0

ΞF(t)

t2 + 1
4

cosh(αt)dt = −π
2

[
CF2r1

(
e

−iα
2 + e

iα
2

)
+ e

iα
2 WF,1

(
e2iα

)]
= −π

2

[
2CF2r1

(
e
iα
2 + e−

iα
2

2

)
+ e

iα
2 WF,1(e2iα)

]

= −πCF2r1 cos
(α

2

)
− πe

iα
2

2
WF,1(e2iα).

We differentiate the above equation 2n-times with respect to α,
to obtain∫ ∞

0

ΞF(t)(
t2 + 1

4

) t2n cosh(αt)dt = (−1)n+1πCF2r1 cos
(
α
2

)
22n

− π

2

d2n

dα2n

(
e
iα
2 WF,1(e2iα)

)
.
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2

)
+ e

iα
2 WF,1

(
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2
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2CF2r1
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e
iα
2 + e−

iα
2

2

)
+ e

iα
2 WF,1(e2iα)
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2
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− πe

iα
2
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Bound for ΞF(t)

Note that the above identity is valid for |α| < πd
4 since the factor

WF,1(x) converges for |Arg(x)| < πd
2 . One can easily prove that

ΞF(t) = O
(
|t|AD

1
4
+εe−

πd|t|
4

)
for some positive A, by using the bounds

ζF
(
1
2 + it

)
= O(|t|

d
4
+εD

1
4
+ε) and |Γ(12 + it)| = O(e−

π
2
|t|) as

|t| → ∞. Also, it is well known that the function cosh(αt) is
bounded above by e|α||t|. Using the above bounds for ΞF(t) and
cosh(αt), one can see that the improper integral is absolutely
convergent for |α| < πd

4 . Thus, the previous equation can be
differentiated with respect to α any number of times.

Bibekananda Maji



30/36

Bound for ΞF(t)

Note that the above identity is valid for |α| < πd
4 since the factor

WF,1(x) converges for |Arg(x)| < πd
2 . One can easily prove that

ΞF(t) = O
(
|t|AD

1
4
+εe−

πd|t|
4

)
for some positive A, by using the bounds

ζF
(
1
2 + it

)
= O(|t|

d
4
+εD

1
4
+ε) and |Γ(12 + it)| = O(e−

π
2
|t|) as

|t| → ∞.

Also, it is well known that the function cosh(αt) is
bounded above by e|α||t|. Using the above bounds for ΞF(t) and
cosh(αt), one can see that the improper integral is absolutely
convergent for |α| < πd

4 . Thus, the previous equation can be
differentiated with respect to α any number of times.

Bibekananda Maji



30/36

Bound for ΞF(t)

Note that the above identity is valid for |α| < πd
4 since the factor

WF,1(x) converges for |Arg(x)| < πd
2 . One can easily prove that

ΞF(t) = O
(
|t|AD

1
4
+εe−

πd|t|
4

)
for some positive A, by using the bounds

ζF
(
1
2 + it

)
= O(|t|

d
4
+εD

1
4
+ε) and |Γ(12 + it)| = O(e−

π
2
|t|) as

|t| → ∞. Also, it is well known that the function cosh(αt) is
bounded above by e|α||t|.

Using the above bounds for ΞF(t) and
cosh(αt), one can see that the improper integral is absolutely
convergent for |α| < πd

4 . Thus, the previous equation can be
differentiated with respect to α any number of times.

Bibekananda Maji



30/36

Bound for ΞF(t)

Note that the above identity is valid for |α| < πd
4 since the factor

WF,1(x) converges for |Arg(x)| < πd
2 . One can easily prove that

ΞF(t) = O
(
|t|AD

1
4
+εe−

πd|t|
4

)
for some positive A, by using the bounds

ζF
(
1
2 + it

)
= O(|t|

d
4
+εD

1
4
+ε) and |Γ(12 + it)| = O(e−

π
2
|t|) as

|t| → ∞. Also, it is well known that the function cosh(αt) is
bounded above by e|α||t|. Using the above bounds for ΞF(t) and
cosh(αt), one can see that the improper integral is absolutely
convergent for |α| < πd

4 .

Thus, the previous equation can be
differentiated with respect to α any number of times.

Bibekananda Maji



30/36

Bound for ΞF(t)

Note that the above identity is valid for |α| < πd
4 since the factor

WF,1(x) converges for |Arg(x)| < πd
2 . One can easily prove that

ΞF(t) = O
(
|t|AD

1
4
+εe−

πd|t|
4

)
for some positive A, by using the bounds

ζF
(
1
2 + it

)
= O(|t|

d
4
+εD

1
4
+ε) and |Γ(12 + it)| = O(e−

π
2
|t|) as

|t| → ∞. Also, it is well known that the function cosh(αt) is
bounded above by e|α||t|. Using the above bounds for ΞF(t) and
cosh(αt), one can see that the improper integral is absolutely
convergent for |α| < πd

4 . Thus, the previous equation can be
differentiated with respect to α any number of times.

Bibekananda Maji



31/36

Proof continued...

From Corollary (1), we have

WF,1
(
e−2iα

)
= eiαWF,1(e2iα), for |α| < πd

4
.

For d ≥ 3, WF,1(e
2iα) and all its derivatives tend to zero as

α→ π
2 along any path. Therefore, we finally have∫ ∞

0

ΞF(t)(
t2 + 1

4

) t2n cosh

(
πt

2

)
dt = (−1)n+1CF2r1π cos

(
π
4

)
22n

, ∀n.

Now let us suppose that ΞF(t) eventually takes one sign, say,
positive for t ≥ T . The number CF is negative for any number
field F, so for n odd, it follows that∫ ∞

T

ΞF(t)(
t2 + 1

4

) t2n cosh

(
πt

2

)
dt < −

∫ T

0

ΞF(t)(
t2 + 1

4

) t2n cosh

(
πt

2

)
dt

< `

∫ T

0

t2ndt < ` T 2n+1.
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Proof Continued...

We also have

` T 2n+1 >

∫ ∞
T

ΞF(t)(
t2 + 1

4

) t2n cosh

(
πt

2

)
dt

>

∫ T (δ+1)

δT

ΞF(t)(
t2 + 1

4

) t2n cosh

(
πt

2

)
dt

> c

∫ T (δ+1)

δT
t2ndt

> cδ2nT 2n+1.

Thus, ` > δ2nc, which fails to hold for sufficiently large n, as
δ > 1. Hence our assumption is wrong. Therefore, ΞF(t) must
change sign infinitely often, which implies that it has infinitely
many real zeros and so has ζF(s) on the critical line.
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Future directions

Problem 1

We speculate that every nice L−function will have an analogous
theta type relation that might be useful to prove the existence
of infinitely many non-trivial zeros on the critical line. Since the
Dedekind zeta function serves as a key example, this approach
could be useful for a broader class of L-functions, for example,
Selberg class of higher degree.
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Problem 2: Distribution of zeros on Re(s) = 1/2

Let

N(T ) = #{ρ = β + iγ : ζ(ρ) = 0, 0 < β < 1, 0 < γ ≤ T}.

The classical Riemann–von Mangoldt formula asserts

N(T ) =
T

2π
log

T

2π
− T

2π
+O(log T ).

Selberg proved that there exists c > 0 such that

N0(T ) := #{ρ : Re ρ = 1
2 , 0 < Im ρ ≤ T} ≥ cN(T ).

He also obtained a zero-density estimate, for 1
2 < σ < 1,

N(σ, T ) := #{ρ = β + iγ : β > σ, 0 < γ ≤ T} � T
1−1

4

(
σ−1

2

)
log T.
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Thank you for your attention!
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