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Introduction

A guess by Ramanujan (Vol IV, p.310, Entry 22)
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Borwein’s integrals: Ingredients

Fourier transform
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Borwein’s integrals: the probabilistic approach

With {Xj}1≤j≤m independent random variables, with characteristic
functions ψj (x) = Eeı2πXj ,

I =
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2 ]

(z) fZ (z) dz

Assuming each Xj has bounded support
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, and∑n

j=1 aj < a0,

I = π

∫
R
fZ (z) dz = π
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Borwein’s integrals

In Borwein’s case
ai =

1
2i + 1

so that

6∑
i=1

ai =
43024
45045

< a0 = 1,
7∑

i=1

ai =
46027
45045

> a0 = 1
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Borwein’s integrals: generalization
The proof suggests this result holds for any random variable Xj
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Borwein’s integrals: geometric interpretation

Borwein’s integral is a probability: with Ui uniform over [−1, 1] ,

1
π

∫
R

n∏
i=0

sinc (aix) dx = Pr {|a1U1 + . . . anUn| ≤ a0}

The support of the random variable Z =
∑n

i=1 aiUi is[
−

n∑
i=1

ai ,
n∑

i=1

ai

]

As long as
n∑

i=1

ai ≤ a0

Pr {|a1U1 + . . . anUn| ≤ a0} = 1.
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Borwein’s integrals: geometric interpretation
Borwein’s integral is a volume, a result due to Polya (1912)

1
π

∫ ∞

−∞

sin (θx)

x

n∏
i=1

sinc (wix) dx = Vol ([−1, 1]n ∩ Sw,θ)

with

Sw ,θ =

{
x ∈ Rn : |w.x| ≤ θ

2

}



Borwein’s integrals: sums are integrals
Another remarkable identity: assuming kj ≥ 0 and
k1 + · · ·+ km < 2π,∫

R

n∏
j=1

sinc (kjx) dx =
∞∑

m=−∞

m∏
j=1

sinc (kjm)

Proof: ∫
R

n∏
j=1

sinc (kjx) dx =

∫
R
Eeıx

∑
j kjUjdx

= E
∫
R
eıx

∑
j kjUjdx = Eδ

(
Z

2π

)
with

Z =
m∑
j=1

kjUj

and finally

Eδ
(

Z

2π

)
=

∫
fZ (z) δ

( z

2π

)
dz = 2πfZ (0)

Moreover,
∞∑

m=−∞

m∏
j=1

sinc (kjm) =
∞∑

m=−∞
Eeım

∑
j kjUj = E

∞∑
m=−∞

eım
∑

j kjUj

= 2πEδZ (z) = 2πfZ (0)

because

|Z | = |
m∑
j=1

kjUj | ≤
1
2

m∑
j=1

kj ≤ π.
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= 2πEδZ (z) = 2πfZ (0)

because

|Z | = |
m∑
j=1

kjUj | ≤
1
2

m∑
j=1

kj ≤ π.
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Another remarkable identity: assuming kj ≥ 0 and
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R
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∫
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Bernoulli’s sophomore’s dream

In 1697, Bernoulli 2 found that∫ 1

0
xxdx =

∑
k≥1

(−1)k

kk
= 0.783431...

Alternatively ∫ 1

0

1
xx

dx =
∑
k≥1

1
kk

= 1.29128...

2Johan Bernoulli, Demonstratio Methodi Analyticae, qua usus est pro
determinanda aliqua Quadratura exponentiali per seriem, Actis Eruditorum A
(1697), p. 131.
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Bernoulli’s sophomore’s dream

Not difficult to prove:∫ 1

0

1
xx

dx =

∫ 1

0
e−x log xdx =

∫ 1

0

∑
n≥0

(−1)n

n!
xn logn xdx

=
∑
n≥0

(−1)n

n!

∫ 1

0
xn logn xdx

with

In =

∫ 1

0
xn logn xdx =

(−1)n n!
(n + 1)n+1

so that ∫ 1

0

1
xx

dx =
∑
n≥0

1
(n + 1)n+1 =

∑
n≥1

1
nn
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Bernoulli’s sophomore’s dream

Compute In considering Kn (α = 0) with

Kn (α) =

∫ 1

0
xn+α logn xdx =

dn

dαn

∫ 1

0
xn+αdx

=
dn

dαn

1
n + α+ 1

=
(−1)n n!

(n + α+ 1)n+1
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Bernoulli’s sophomore’s dream

It was suggested (OEIS A073009) that

∑
k≥1

k−k =

∫ 1

0
x−xdx =

∫∫
[0,1]2

(xy)−xy dxdy

Easy proof:∫∫
[0,1]2

(xy)−xy dxdy =
∑
k,l≥1

1

(k + l − 1)k+l
=
∑
k≥1

1
kk

because ∑
k,l≥1

1

(k + l − 1)k+l
=
∑
p≥2

p − 1
(p − 1)p

=
∑
p≥1

1
pp
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Bernoulli’s sophomore’s dream
Another way: use Glasser’s theorem 3 4∫∫

[0,1]2
f (xy) dxdy = −

∫ 1

0
f (x) log xdx

With f (x) = x−x∫∫
[0,1]2

f (xy) dxdy = −
∫ 1

0
x−x log xdx

and since
d

dx
x−x = x−x (−1 − log x) ,

∫∫
[0,1]2

(xy)−xy dxdy = −
∫ 1

0
x−x log xdx =

∫ 1

0
x−xdx+

0︷ ︸︸ ︷∫ 1

0

d

dx
x−xdx

3M. L. Glasser, A Note on Beukers’s and Related Double Integrals, The
American Mathematical Monthly Volume 126, 2019 - Issue 4

4a special case of
∫
[0,1]n f (x1 . . . xn) dx1 . . . dxn =

∫ 1
0 f (x) (− log x)n−1

(n−1)! dx .
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Bernoulli’s sophomore’s dream: Directions of research

▶ extend ∫∫
[0,1]2

(xy)−xy dxdy =

∫ 1

0
x−xdx =

∑
k≥1

1
kk

to ∫∫
[0,1]p

(x1 . . . xp)
−x1...xp dx1 . . . dxp =

∑
k≥1

(k+p−2
p−1

)
kk+p−1

▶ extend ∫∫
[0,1]2

x−xydxdy =
∑
k≥1

1
kk+1

to ∫∫
[0,1]p

x
−x1...xp
1 dx1 . . . dxp =

∑
k≥1

1
kk+p−1
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Bernoulli’s sophomore’s dream: Directions of research

▶ study the properties of

ζ (p) =
∑
k≥1

1
kk+p−1

as compared to those of the Riemann zeta function

ζR (p) =
∑
k≥1

1
kp

▶ prove
lim
p→∞

ζ (p) = 1
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Bernoulli’s sophomore’s dream: Directions of research

▶ what is the equivalent of∑
p≥2

(ζR (p)− 1) = 1

▶ what is the equivalent of(
n +

1
2

)
ζR (2n) =

n−1∑
m=1

ζR (2m) ζR (2n − 2m)

▶ or of one of the 464 identities in 5

5H.M. Srivastava and J. Choi, zeta and q-zeta functions and associated
series and integrals, 2012, Elsevier
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Bernoulli’s sophomore’s dream: Directions of research

▶ an equivalent of the Multiple Zeta Value

ζ2 (m, n) =
∑
p,q≥0

1
(p + 1)m (p + q + 1)n

=
∑

q≥p≥0

1
(p + 1)m (q + 1)n

would be∑
p,q≥0

1
(p + 1)p+1 (p + q + 1)q+1 =

∫∫
[0,1]2

x−xyy−ydxdy



Bernoulli’s sophomore’s dream: Directions of research

▶ a hand to hand combat: PSLQ

▶ Wolfram Alpha:
Identify[3.141592653]

returns
Pi

▶ Mathematica:

FindIntegerNullVector[{Log[2], Log[4]]})

returns
{−2, 1}
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Bernoulli’s sophomore’s dream: Directions of research

ζ (1) =
∑
k≥1

1
kk

= 1.291285997062663540407 . . .

1660 + 550
√
π − 15π − 16π

√
π + 148π2

976π
= 1.291285997062663540399 . . .

ζ (3)
π2 =

1
π2

∑
k≥1

1
kk+2 = 0.1080968136842469640436

−
5
(
16 − 315π + 98π2)

1116 − 277π + 5π2 = 0.1080968136842469636049
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A bonus identity

the sum of digits function: with the base 2 expansion

n = nknk−1 . . . n0, nj ∈ {0, 1} ,

meaning

n =
k∑

j=0

2jnj ,

define

s2 (n) =
k∑

j=0

nj .



A bonus identity

For example,
s2 (9) = s2 (1001) = 2.

We have the three identities

∏
n≥1

(
1 + 1

n

1 + 1
n+1

1 + 1
2n+2

1 + 1
2n

)
=

3
4

∏
n≥1

(
1 + 1

n

1 + 1
n+1

1 + 1
2n+2

1 + 1
2n

)s2(n)

=
π

2

∏
n≥1

(
1 + 1

2n

1 + 1
2n+2

1 + 1
4n+4

1 + 1
4n

)s2(n)

=
π

2

∞∏
k=1

tanh2
(
k
π

2

)
= 2

√
2
π
Γ2
(

5
4

)



A bonus identity

Mathematica evaluates
∞∏
k=1

tanh
(
k
π

2

)
= 0.91357913815611682141 . . .

numerically only. However with q = e−π,

∞∏
k=1

tanh
(
k
π

2

)
= θ4

(
0, e−π

)
=
(
q2, q2)

∞
(
q, q2)2

∞ .



Jacobi theta functions

θ4 (q) =
∑
n∈Z

(−1)nqn
2

θ2 (q) =
∑
n∈Z

q(n+
1
2)

2

with the factorization (Jacobi triple product identity)

θ4 (q) =
∑
n∈Z

(−1)nqn
2
=
∏
m≥1

(
1 − q2m) (1 − q2m−1)2

=
(
q2; q2)

∞
(
q; q2)2

∞



A bonus identity

Proof: with q = e−
π
2

∞∏
k=1

tanh
(
k
π

2

)
=

∞∏
k=1

1 − qk

1 + qk

and since
∞∏
k=1

1
1 + qk

=
∞∏
k=0

1 − q2k+1,

we deduce
∞∏
k=1

tanh
(
k
π

2

)
=

∞∏
k=0

(
1 − qk+1

)(
1 − q2k+1

)

=
∞∏
k=0

(
1 − q2k+1

)(
1 − q2k+2

)(
1 − q2k+1

)
=
(
q2, q2)

∞
(
q, q2)2

∞





Approximating
∏∞

k=1 tanh
(
k
π

2

)
= 0.91357913815611682

This produces the series representation
∞∏
k=1

tanh
(
k
π

2

)
=
∑
n∈Z

(−1)ne−πn2
= θ4

(
e−π

)
and the approximation 6

1 − 2e−π + 2e−4π = 0.91357913815716791844

By modularity, we have

θ4
(
e−π

)
=
∑
n∈Z

(−1)ne−πn2
=
∑
n∈Z

e−π(n+ 1
2)

2

= θ2
(
e−π

)
with the approximation

e−π( 3
2)

2

+ e−π(− 3
2)

2

+ e−π( 1
2)

2

+ e−π(− 1
2)

2

= 4e−π 5
4 coshπ

= 0.91357913221760278960
6∏5

k=1 tanh
(
k
π

2

)
= 0.91357915059276074


