


























































70 � 19. Jackson Integral 

f(x) 

q3b � q2b � qb 

On [e, b], where ¤ is a small positive number, the sum consists of finitely 
many terms, and is in fact a Riemann sum. Therefore, as q -+ 1, the width of 
the rectangles approaches zero, and the sum tends to the Riemann integral 
on [6, b]. Since ¤ is arbitrary, we thus have, provided that f(x) is continuous 
in the interval [0, bb 

lim f f(x)d qx � f (x)dx. 
q--0. 0 � 0 

(19.10) 

We cannot obtain a good definition of improper integral by simply letting 
b � oc  in (19.7). Instead, since 

g  f (x)d qx � f (x)d qz - � f (x)d qx o +1 � o � fog  
( 1 (2) Eqjl-k f(ek )  ( 1 —  17) Eek±i f(ek,i ) , 

�

k=0 � k=0 

and thus 

�

.1 �
f (x)d qx = (1 - q)q3  f (q 3  ), 

0+1 

it is natural to define the improper q-integral as follows. 

Definition. The improper q-integral of f (x) on [0,+oo) is defined to be 

f(x)d gx. E 
r, 

i=_004+2. 
f (x)d qx � (19.12) 

























(1) Ding Jia, Eugene Tang and Achim Kempf, Integration by di!erentiation: new proofs,
methods and examples, J. Phys. A: Math. Theor. 50, 235201, 2017

(2) A. Kempf, D.M. Jackson and A. H. Morales, New Dirac delta function based methods with
applications to perturbative expansions in quantum field theory, J. Phys. A: Math. Theor.
47 (2014) 415204

(3) C.-B. Ling, Generalization of certain summations due to Ramanujan, SIAM J. Math. Anal.
Vol. 9, No. 1, February 1978

(4) V. Kac, P. Cheung, Quantum calculus, Springer, 2002

1


